In this article, we derive a new fractional estimate for Hermite-Hadamard's inequality via coordinated harmonic convex functions on a rectangle from the plane R 2 . We establish a new fractional integral identity for partially differentiable functions. Utilizing this integral identity, we obtain some more fractional estimates for Hermite-Hadamard's inequality. The ideas of this paper may stimulate further research.
Introduction and preliminaries
Let f : I = [a, b] ⊂ R → R be a convex function, then
This above result is due to Hermite and Hadamard independently and is well-known as Hermite-Hadamard's inequality. This inequality is also known as trapezium inequality. It provides an equivalent property for convexity. Due to its rich applications, especially in the field of numerical analysis, this result has attracted many researchers from all over the world. In recent decades, we have seen a rapid development in inequality theory. Many inequalities can be obtained for convex functions. However among those, Hermite-Hadamard's inequality is one of the most extensively and intensively studied result. The point of pondering is that there is a close relationship between theory of inequalities and theory of convexity. This fact makes the theory of inequalities more fascinating and interesting. There are several new extensions and generalizations of classical convexity considered in recent years and one can observe that parallel to this development in theory of convexity, theory of inequalities particularly integral inequalities theory developed rapidly, for example see [1-6, 8, 10, 11, 13-23] . Iscan [6] introduced the notion of harmonic convex functions which opened a new venue for researchers. Noor and Noor [12] proved that the optimality conditions of the differentiable harmonic convex functions can be characterized by a class of variational inequalities, which is called harmonic variational inequalities. Iscan [6] derived a new extension for Hermite-Hadamard's inequality. Noor et al. [14] extended the class of harmonic convex function on coordinates and introduced the class of coordinated harmonic convex functions. They have also obtained some new estimates for Hermite-Hadamard's inequality essentially using the class of coordinated harmonic convex function. Sarikaya et al. [21] gave some new refinements for classical Hermite-Hadamard's inequality using Riemann-Liouville integrals. Utilizing the idea of Sarikaya [19] , Iscan and Wu [7] derived the fractional estimate of Hermite-Hadamard's inequality for harmonic convex functions. Also Sarikaya [19] obtained the fractional estimate for Hermite-Hadamard's inequality for coordinated convex functions. The main motivation of this article is to give some new fractional estimates for Hermite-Hadamard's inequality via harmonic convex functions. It is hoped that the ideas used in this paper may be helpful for further research in this field. Before proceeding to our main results, we recall some preliminary concepts and results. These will be helpful in obtaining our main results. First of all, we define harmonic convex functions.
The following inequality is Hermite-Hadamard's inequality for harmonic convex functions.
Theorem 1.2 ([6]). Let f
Noor et al. [14] has given the following definition for coordinated harmonic convex functions.
We now recall some results and concepts from fractional calculus. The classical form of fractional calculus is given by Riemann-Liouville integrals, which are defined as:
. Then the Riemann-Liouville integrals J α a + f and J α b − f of order α > 0 with a 0 are defined by
and
where
is the well-known Gamma function.
respectively.
Also,
For the reader's convenience, we recall the definition of the Beta function B(., .)
The integral form of the hypergeometric function is
Lemma 1.6 ([6]
). For 0 < α 1 and 0 a < b, we have
A new two dimensional fractional integral identity
In this section, we derive a new fractional integral identity.
2)
3) 4) and
Now changing the variables and using (2.2), (2.3), (2.4) and (2.5) in (2.1), we get
This completes the proof.
Note that if α = 1 = β, then Lemma 2.1 reduces to integral identity which involves ordinary integrals, for more details see [14] .
Main results
In this section, we present our new extensions of Hermite-Hadamard type inequalities via coordinated harmonic convex functions. These results involve two dimensional Riemann-Liouville fractional integrals.
, then the following fractional estimates of Hermite-Hadamard inequality holds:
Proof. Since f is a coordinated harmonically convex function, then, using t = r = 
This implies
Multiplying both sides of above inequality with t α−1 r β−1 and then integrating with respect to (t, r) on
On summation of inequalities (3.2) and (3.3), the proof is complete.
Now utilizing Lemmas 2.1 and 1.6, we prove our coming results. 
Proof. Using Lemma 2.1, property of the modulus, power mean's inequality and the fact that
∂t∂r ∈ L (∆) and
where q 1 is coordinated harmonic convex function, then
2 F 1 2, 2; α + 3;
Proof. Using Lemma 2.1, property of the modulus, power mean's inequality and the fact that ∂ 2 f ∂t∂r q is coordinated harmonic convex function, we have .
